Chapter 13
(LIMITSAND DERIVATIVES)

13.1 Overview
13.1.1 Limits of a function

Let f be afunction defined in adomain which we take to be an interval, say, |. We shall
study the concept of limit of f at apoint ‘a’ inl.

Wesay lim f(x) isthe expected value of f at x = a given the values of f near to the
X—a~

left of a. Thisvaueis called the left hand limit of f at a.

Wesay ['M T(X) isthe expected value of f at x = & given the values of f near to the
right of a. Thisvaueis called the right hand limit of f at a.

If theright and left hand limits coincide, we call the common value asthelimit of f at
X = aand denote it by Ler; f(x).

Some properties of limits

Let f and g be two functions such that both lim f (x) and lim g(x) exist. Then
X—a X—a
O Im[f(X)+gX)]=lim f(X)+limg(x)
@) Iim[f(x)—g)]=Ilim f(x)—limg(Xx)

(iii)y For every real number o
Ixin;(cx f)(x)=oc|xin; f(X)
(v) Imf(9g(]=[lim f(x) limg(x)]
lim f (X)

im L 00_xa
ag(x) limg(x)

provided g (X) # O
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Limits of polynomials and rational functions
If fisapolynomial function, then !(I_rg f (X) existsandisgiven by
lim f(x)=f(a)

An Important limit
Animportant limit which isvery useful and used in the sequel is given below:

Remark The above expression remains valid for any rational number provided ‘a’ is
positive.
Limits of trigonometric functions

To evaluate the limits of trigonometric functions, we shall make use of the following
limitswhich are given below:

o Snx 1 i limanx—
(i) |X|_r>rg—x =1 (i) Llirg)cosx—l (iii) !(ILT(])SlnX—O

13.1.2 Derivatives Supposef isarea vaued function, then
f(x+h)— f(x)
h

f/(x) = lim

h—0

iscalled thederivative of f atx, provided the limit on the R.H.S. of (1) exists.

Algebra of derivative of functions Since the very definition of derivatives involve
limitsin arather direct fashion, we expect therules of derivativesto follow closely that
of limitsasgiven below:
Let f and g be two functions such that their derivatives are defined in a common
domain. Then:

(i) Derivativeof thesum of two functionisthesum of the derivativesof thefunctions.

e

d d d
&[f(X) +9(x)] =g 9+ 9()

(i) Derivative of thedifference of two functionsisthe difference of the derivatives
of the functions.

d d d
&[f(x) - 9(x)] =g 1= 9()
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(iii)y Derivative of the product of two functions is given by the following product
rule.

d

%[f(x) -9(9)] =[& f(X)j -g(x) + f(x)-[%g(x)j

Thisisreferred to as Leibnitz Rule for the product of two functions.

(iv) Derivative of quotient of two functionsis given by the following quotient rule
(wherever the denominator is non-zero).

d 1oy (o 109) 909~ (S a00)
ala) - (900)

13.2 Solved Examples
Short Answer Type

Example 1 Evauate lim

X—2

1 2(2x-3
X—2 xX—3x%+2x

Solution We have

{ 1 2(2x-3) }_ i

X—2

lim

X—2

X—2 X—3x%+2x

1 2(2x-3 }
{x—z X(x=1) (x-2

[ x(x-1)-2(2x- 3
2| X(x-1) (x-2) }

x*> —5x+6
x-2| X(X=1) (x=2) |

[ (x=2)(x=3) |

o2 x(x-1) (x—2 | X~270

[ x—S} -1

x-2| X(x—-1) :?
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L3

Solution Puty =2+ x sothat whenx — 0,y — 2. Then

1
_ 2 _922
—Mz lim Y2=2
X

Example 2 Evauate lim
x—0

lim

x—0

1 S
= 2(2)2 _E 2 2 :L
2 2 22
Xn_ n
Example 3 Find the positive integer n so that lim =108.

x->3 X—3

Solution We have

. x"=3"

AL Ol
Therefore, n3)"-1= 108=4(27) = 4(3)*-1
Comparing, we get n=

Example 4 Evaluate lim (secx — tan X)

X—
3

Solution Puty= g—X.Theny—>0asx—> I Therefore

lim (secx — tan x)

X
3

. T T
limlsec(= —y) —tan (5 -yl

= Iing(cosec y —cot y)
y—>

. ( 1 cosy)
= lim| —-—=
y-oldny sny

_ lim (1—'cosyj
y>0\ gny
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2gn2Y (since,sinzzzl_cosy\
y—0 y .y oY LY
25m20032 smy_23m20052
= |imtanX=O

%40

Example5 Evauate Iirr(}SIn (2+x) ~sn(2=%)
x— X

Solution (i) We have

2cos(2+ X+ 2-X) sin (2+ x—2+X)

Iimsm(2+x)—sm(2—x) - im 2 2
x—0 X x>0 X
. 2c0s29nx
= lim———
Xx—0 X

. 9nX . 9nXx
20082 |im —— = 2c0s2 [asllm—z j
x=>0 X x=>0 X

Example 6 Find the derivative of f (x) = ax + b, where a and b are non-zero constants,
by first principle.
Solution By definition,

lim f(x+h)— f(x)

h—0 h

(%)

Iima(x+ h) +b— (ax +b) _ Iim@ h
h—0 h h—»0 h

Example 7 Find the derivative of f (x) = ax?+ bx + ¢, where a, b and ¢ are none-zero
constant, by first principle.

Solution By definition,

o = lim = F

h—0 h
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im a(x+h?+b(x+h+c—ax® —bx-c¢
h—»0 h

__bh +ah®+2axh
- lim —
h—0 h

lim ah +2ax+ b= b +2ax

Example 8 Find the derivative of f (x) = 3, by first principle.
Solution By definition,

09 = lim f(x+h)— f(x)

h—0 h

. (x+h3?-x?
||m¢
h—0

X +h+3h (x+h) -3
lim
h—0 h

lim 2 + 3x (x + h)) = 3¢

1
Example 9 Find the derivative of f (x) = 2 by first principle.

Solution By definition,

i £ — £ (0
h—0 h

. 1( 1 1]
lim=—| — -
h-0h\x+h X

-h -1

lim— = —
h>0h(x+h) x x°

£/(x)

Example 10 Find the derivative of f (X) = sinx, by first principle.
Solution By definition,
f(x+h)- f(x)

h

(9= lim
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sn(x+ h)—snx

= lim
h—0
2cos 2X2+ h) sinb
Y
2
sinh
. (2x+h) . 2
= Imoen N
2

= cosx.1l=cosx
Example 11 Find the derivative of f(x) = x", wheren is positive integer, by first
principle.
Solution By definition,

f(x+h)— f(x)

f(x)

h
(x+h)"=x"
> h
Using Binomial theorem, we have (x + h)"="C x"+"C X' ~*h+ .. +"C h"
lim (x+h)"—x"
Thus, = w8 h
_ i h(x"*+..+h"] o
) h =X )

Example 12 Find the derivative of 2x* + Xx.
Solution Let y=2x*+ X
Differentiating both sides with respect to x, we get
dy d 4 d
— = —(2X")+—(X
5 dx( ) dX( )
= 2x4x¢1+ 1
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e +1

d
Therefore, &(2X4 +X) = 8c + 1.

Example 13 Find the derivative of x2 cosx.
Solution Lety = x2 cosx
Differentiating both sides with respect to x, we get

Y _ i(xzcosx)
ax dx

d d
= X?—(cosx) +cosx— (x*
I (cosx) dx( )

= X2 (—sinx) + cosx ()
= 2X COSX — X2 Sinx
Long Answer Type

. 2dn?x+sinx-1
Example 14 Evauate lim —— .
X_% 29n“x—-3sin X+ 1

Solution Note that
23 x+sinx—1= (2sinx—1) (sinx+ 1)
2sn’x—3snx+1= (2sinx—1)(snx-1)
2sn’x +sinx—1 fim (2SN X —1) (sinx +1)

lim =
Therefore, H%zsjnzx_gs,inxu I (28nx-1) (sinx-1)

~ sinx+1
Xﬁggnx—l

(as2sinx—1 #0)

1+§n%
= p =-3
sin—-1
6
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. tanx-d9nx
Example 15 Evaluate I|mf
x=0  sin®x
Solution We have
. 1
tan Xx—snx snx B
lim————— = lim COSX
x—0 sin® x x—0 an” X

— lim 1- cosx
x=0 CoSX Sin® X

2sn‘ =
lim =

0
“ cosx (4sin21(- cos? 5)
2 2

N

x-a [3a+ 24/

, 2 _J
Solution We have “m\/a+_+3x
X

,/a+2x JZ& ,/a+2x+\/_x
x—>a\/361+X 20x Ja+2x+4/3x

. a+ 2x— 3x
lim

xa (Bt x - 24x) (fat 2x+/3x)

= lim (a- X)(\/THZ\,_)
X*a(\/a+2x+\/_)(\/3a+x—ZJ_)(J3a+X+2\/_)

(a-x)[yBa+x+2Jx]
i (M+J§()(3a+x—4x)
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4\a 2 23

3x2+B3a 343 9

Example 17 Evaluate ljg S8 — COSIX
x->0  ooscx —1

Zsin((aJr b) x) n 2= DX

Solution We have lim 2 — 2
x—0 2SII"I CX
2
Zsin(a+b)x-sin(a_b)x 2
= lim —L
X—> X P2
sin®—
2
2
_ 4
sin—(aer)X sin—(a b) (3) vy
_ lim 2 : Ce W27 ¢
—Ho(a+b)x( 2] (a-b)x 2 sin2 &
2 a+b 2 a-b 2

X

2 2 c?

[a+b a-b 4] a? —b?

(a+h)?sin(a+h)-a?sina
h

Example 18 Evauate lim
h—0

2 i 2l
Solution We have Lirrg)(a+ h) sm(ah+ h) —a“sina

L i} (a® + h? + 2ah)[sinacosh +cosa sinh] — a®sina
h—0 h

._.a’sna(cosh-1) a’oosasinh
= Llrrg[ +
—

+ (h+2a) (sinacosh+ cosasin h)]
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. ., h

2 2

jim| e U +Iimw+lim(h+2a)sin(a+ h)
_h0 h? 2| hoo0 h h—0

2

—azsnax0+ a&cosa(l) +2asna

= a’cosa+2asna
Example 19 Find the derivative of f(x) = tan (ax + b), by first principle.
f(x+h)- f(x)

h

Solution We havef’(x) = LI_IB

_”mtan(a(x+ h) +b) — tan (ax + b)
" ho0 h

sin(ax+ah+b) sn(ax+b)
lim ws(ax+ah+b) oos(ax+ b)
~ho0 h

_”msin(ax+ ah+ b) cos(ax+ b) —sn (ax + b) cos (ax + ah + b)
"~ h-0 h cos (ax + b) cos (ax +ah +b)

_lim agn (ah)
"~ h-0 a- h cos (ax + b) cos (ax + ah + b)

a . sinah

"0 cos (X + D) 008 (ax +ah 1 b) a0 an Lo 0@ =0
a , b

o ——— + .

s? (ax +b) asect (ax +b)

Example 20 Find the derivative of f (x) =+/sinx, by first principle.
Solution By definition,

£(x) = L'_rfg f(x+hr)]— f(X)
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liszm (x+h) —+/sinx
h—0 h

) ”m(\/sin (x+ h) —+/sinx ) (\/an (x+ ) ++/dnx)
~ 0 h(y/sin (x+ h) +vanx)

. an(x+ h)—-gnx
— lim
h~0 h(fsn (x+ h) +snx)

sn—
2

Z.E(Jsin (x+h) + Jsinx)

2cos(2x+ hj . h

= lim
h—0

COS X 1 -
= = ECOt XA/sinx

2~J9nx
0S X
Example 21 Find the derivative of 25\
1+snx
Solution Lety= i da
Hen Y= Trdnx

Differentiating both sides with respects to x, we get
dy i( COSX j
dx  dx\1+sinx

. d d .
@L+dsnx) I (cosx) — oosx& (1+sinx)

(1+ snx)’

L+ 9nXx) (—sinx) — cosx (00sX)
@+ sinx)?
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—sinx —sin? x— cos®x
(1+ sinx)?

-(1+snx) -1
(1+snx)?  1+snx

Objective Type Questions

Choosethe correct answer out of the four options given against each Example 22 to 28

(M.C.Q.).

sinx
Example22 lim————— isequa to
P x—0 X(L+ COSX) ™

1
(A) O (B) > (C) 1

Solution (B) isthe correct answer, we have

2sin 3 (0015 3
sinx . 2
lim

lim———— = A A
x>0 X(1+ €oSX) ~ x-0 x(Zcosz 5)
2

tan>
= =lim —2 = l
2 x-0 l( 2
2
. 1-snx .
Example23 lim is equd to
x>k 00SX
2
(A) © (B) -1 © 1

Solution (A) isthe correct answer, since

. (T
. 1-dnx . 1—5|n(——y]
lim = Ilrrg
xol  00SX y—> cos(g—)

(D) -1

(D) doesnot exit

. T
taking— — x= )
(sing - x= 5
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lim —
y»>0 gny

= Iimtanl/ =0
y—0 2
Example 24 Iimm isequa to
x—0 X
(A) 1 (B) -1 (C) 0
Solution (D) is the correct answer, since
x| x
RHS= lim—==-=1
x—=0" X X
x|l =x
and LHS= lim—=—=-
x—=0" X X

1-cosy _im

2sin? Y

Y 1Y

29n= 0s=

2 2

(D) doesnot exists

Example 25 |XiLn1[X -1 , Where [.] is greatest integer function, is equal to

(A) 1 (B) 2 (© 0
Solution (D) isthe correct answer, since

RHS= Ilim[x-1=0
x—1*

and LHs= lim[x-1=-1
E le 26 lim xsin | ast
xample T x IS equals to

1
(A) 0 (B) 1 © 3

Solution (A) isthe correct answer, since

. 1
limx=0 gnd -1 < sin~ <1, by Sandwitch Theorem, we have

(D) doesnot exists

(D) doesnot exist
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. 1
limxsn— = 0
X

x—0

1+2+3+..+n

Example 27 Mpo v , ne N, isequal to
1 1
A) O B) 1 C — D) =
(A () © 3 (0
_ . . 1+2+3+...+n
Solution (C) isthe correct answer. As X'm 72
= Iim—n(n+1) = Ilml[l'i'i) 21
now 202 A n’ 2
| T
Example 28 If f(x) = x sinx, then f P isequal to
1
(A) O (B) 1 € -1 ) 3

Solution (B) is the correct answer. As f (X) =x cosx + sinx

So f’(%] - TeosEisnioa
' T2 2 2

13.3 EXERCISE |
Short Answer Type

Evaluate:
2 _ . Ax*-1 [x+h-—
. Iimx 9 5 “”} 5 lim X+ h J>_<
T x-3 Xx—-3 ’ x> 2x-1 " h-0 h
1 1 ) 3
3_93 6 _ 2 _ 2
" Iim(x+2) 2 5 Iim(1+ X)” -1 6. Iim(2+x) (a+2)

x—0 X T oxol (_’]_+ X)2 -1 X—a X—a
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x4—\/;( X2 —4

lim

lim
[, X —1 8. x—>2\/3x 2 - JX+2
7 55 3 [ .3
o lim—2X"2 o gimX 2L Y X YL X
x>l2 X2 +3\/ X — -1 x3 — 3% + 2 x—0 X2
15 lim X2+ 27 13 (8x — 3 4 2,1)
" x>-3x° 4243 H_kzx 1 4x° —1J
X' =2 . sin3x
14. Find ‘n, if lim =80,ne N 15. lim=
x=2 X—2 x—>a gn 7Xx
sn?2x . 1-cos2x _2sinx—s€in2x
16. lim 17, lim=—— 18 lIm—————
x—0 Sn 4x x—0 X x—0 X
- . SinX— 00SX
1g. lim =S o, lim 2B lim ==
x>0 1— 00sShx ’ X‘%\E(E—) Coxog X_Z
“m\/§sinx—cosx Iimsin2x+3x Iimsinx—sina
22. Tk N 23 S0 2x+tan3x Y xoa Ix—+a
6 6
2y _ J_ ,[1+cosx
25. ”mLxC% 26. lim
H% C0SECX — 2 x—0 sn® x
. 9NnX—2sin3x +sin5x
27. lim
Xx—0 X
4 3 3
. -1 x° —k
28. If lim 2 = lim———, then find the value of k.

-1 x—1 x—)kx_kz’

Differentiate each of the functionsw. r. to X in Exercises 29 to 42.
P+ e+ +1

3
29, 22 T2 7 30. (x+1) 31. (3x+5) (1 + tanx)
X X
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x+4 X® — COSX
32. (secx—1) (secx + 1) 33. 57 7xi9 =
X% QoS =
35. _ 4 36. (axt + cotx) (p + g cosX)
sinx
a+bsnx
=2/ . , . .
37 T doosx 38. (sinx+cos)? 39, (2x—7)? (3x + 5)
40. X2 8inx + cos2x 41. sin® cos® 42, ————
ax“+ bx+c

Long Answer Type
Differentiate each of the functions with respect to ‘x’ in Exercises 43 to 46 using first
principle.

ax+b
ox+d 45. X

w I

43. cos(x2+ 1) 44,
46. X COSX

Evaluate each of the following limitsin Exercises 47 to 53.

lim (X+y) sec(X + y) — Xsecx
y—0 y

47.

. (sin(a +B) X+ sn(o. — B)x+sin 2a X)
48 lim - X
x>0 COS2BXx — 00S 20X

1—sin5
2

tan® x — tan x lim

49, | N — 50. xon x( X . x)
x> COS(X+Z) COSE COSZ—SIHZ
| Xx— 4]

51. Show that lim——— does not exists
x4 X —4
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52.

53.
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k cosx
T —2X

Let f(x) =

find the value of k

Let f(x):{

X+2

cx?

T
when x;tE
and if lim f (x) = f(g),

x< -1

X>-1

Objective Type Questions
Choose the correct answer out of 4 options given against each Exercise 54 to 76

(M.C.Q).
sInx
54. lim——js
X=>1T X —TC
(A) 1
. x?cosX
55. lim
x>0 1 — CcOSX
(A) 2
n_
56, fim &Y 1
x—0 X
(A) n
oox"-1
57. lim——is
x>l x' —1
(A) 1
. 1-cos46
58. lim——

x—01— cos60

is

(B) 2

3
(B) 5

(B) 1

® —

X—>=

X= 2

Nl a

find ‘¢ if 1M T(X) exists.

(©) -1

© >

(€ —n

© Y

(D) -2

(D) 1

(D) 0

(D) Z



59.

60.

61.

62.

63.

64.

65.
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4 1 -1
(A) 3 ®) 3 © - (D) -1
. COSECX —COtX
lim——— s
x—0 X
- 1
(A - (B) 1 © 3 (D) 1
lim—e—SnX_.
x>0 fx+1—JI_x '°
(A) 2 (B) O ©1 (D) -1
IImseczx—2 ,
X_% tanx—1 'S
(A) 3 (B) 1 © o0 (D) 2
”m(&—zl)(zx—a) \
1 2X°+Xx-3
1 -1
(A) o (B) 0 1 (D) None of these
S 0
Iff(x)=1< [X , Where[.] denotes the greatest integer function ,
0 ,x]=0

then iM £ (X) isequal to

(A) 1 (B) 0 © -1 (D) None of these
. |gnx]| .

lim is

Xx—0 X

(A) 1 (B) -1 (C) doesnot exist(D) None of these

L= X THOSX<2  eraticequaionwhoserootsare M F(X) ar
™= 2x+3 2<x<3 e quadratic equation whoserootsare | !1} an

Iirg f(X is
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66.

67.

68.

69.

70.

71.
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(A) x*-6x+9=0
(C) x*—14x+49=0

. tan2x-x .
IIm—_ IS
x—=0 3X — 9 NX

1
(A) 2 ®) 3

Letf(x) =x—[X]; € R, then f'[

3
(A) 3 (B) 1
Ify=\/>_<+%,then%atx=1is
®) 1 ® 5
X—4 ]
Iff (x) = N then (1) is
5 4
(A) 2 (B) 5
1
1+—2 dy
If y=—2— then = is
1_% o

—4axX
A e-pz B g

_ SinX+ CosX

It Y= X —cosx’ dx

thenﬂ ax=0is

(B) *-7x+8=0

©

2

© 0

(©

oL
J2

©) 1

©

1-x°
4x

(D) ¥*=10x+21=0

1
(D) 2

(D) -1

(D) 0

(D) 0

4x
D) 271



72.

73.

74.

75.

76.

Fill

77.

78.

79.

80.
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1
(A) -2 (B) O (© > (D) doesnot exist
If y=M then & ax=0is
C ax
(A) cos9 (B) sn9 © o (D) 1
X2 0
=1+ X+ —+ .t — ()i

If f(x) + X+ > + .t 100 , then f'(1) isequal to

A L B) 100 Cd [ D) O

(A) 100 (B) (C) does not exist (D)

Xn _ n
if F)= for some constant ‘@', then f’(a) is
_ 1

(A) 1 (B) 0 (C) does not exist (D) P

If f(X) =% +x%+ . +x+1,then f’(1) isequal to

(A) 5050 (B) 5049 (C) 5051 (D) 50051
fFf(X)=1-—x+x=x..—x%¥+x% thenf’(1) is eugad to

(A) 150 (B) -50 (C) -150 (D) 50
in the blanks in Exercises 77 to 80.

If 1= X then M f(X) =
T

. . X

—|=2,thenm=
Lﬂ(SlnmxcotJé] 2

2 3 dy
if y=1+—'+—!+—|+ , then x =

X

li -_— =
x—3" [X]

e O L ——



